


ESTIMATION METHOD 10:  Estimation of Variance of the Cumulative Distribution Function
for the Proportion of an Extensive Resource;  Horvitz-Thompson Variance Estimator

1  Scope and Application

This method calculates the estimated variance of the estimated cumulative distribution function
(CDF) for the proportion of an extensive resource that has an indicator value equal to or less than a
given indicator level.  There are two variance estimators presented in this method.  An estimate can
be produced for the entire population or for an arbitrary subpopulation with known or unknown
size.  This size is the extent of the resource in the subpopulation.  The method applies to any
probability sample and the variance estimate will be produced at the supplied indicator levels of
interest.  This method does not include estimators for the CDF.  For information on CDF estimators,
refer to Section 7.  

2  Statistical Estimation Overview

A sample of size na units is selected from subpopulation a with known inclusion densities
and joint inclusion densities given by , where   The indicator is

evaluated for each unit and represented by   The inclusion densities are design

dependent and should be furnished with the design points.  See Section 9 for further discussion. 

The Horvitz-Thompson variance estimator of the CDF, , is calculated for each value of

the indicator levels of interest, xk .  There are two Horvitz-Thompson variance estimators presented
in this method.  The first is a variance estimator of the Horvitz-Thompson estimator of a proportion. 
The second is a variance estimator of a Horvitz-Thompson ratio estimator.  The former estimator
calculates the variance of the Horvitz-Thompson estimator of a total and divides this variance by
the known subpopulation size squared, Na

2.  The latter estimator requires as input the CDF
estimates produced using the Horvitz-Thompson ratio estimator of the CDF for proportion.

The output consists of the estimated variance values.
 
3  Conditions Under Which This Method Applies

! Probability sample with known inclusion densities and joint inclusion densities
! Extensive resource 
! Arbitrary subpopulation
! All units sampled from the subpopulation must be accounted for before applying this

method

4  Required Elements

4.1  Input Data

yi = value of the indicator for the ith unit sampled from subpopulation a.
= inclusion density evaluated at the location of the ith sample point in subpopulation a. 



= joint inclusion density evaluated at the locations of the ith and jth sample points in

subpopulation a.

 =  estimated CDF (proportion) for indicator value xk in subpopulation a. 

 
4.2  Additional Components 

na = number of units sampled from subpopulation a.
xk = kth indicator level of interest.  
Na = subpopulation size, if known.

5  Formulas and Definitions

The estimated variance of the estimated CDF (proportion) for indicator value xk in subpopulation a,

, with known subpopulation size, Na;  Horvitz-Thompson variance estimator of the

Horvitz-Thompson estimator of a CDF is

The estimated variance of the estimated CDF (proportion) for indicator value xk in subpopulation a,

, with estimated subpopulation size, ;  Horvitz-Thompson variance estimator of the

Horvitz-Thompson ratio estimator of a CDF is

For these equations: 

 = estimated CDF (proportion) for indicator value xk in subpopulation a. 

xk = kth indicator level of interest.  
yi = value of the indicator for the ith unit sampled from subpopulation a.

= inclusion density evaluated at the location of the ith sample point in subpopulation a. 



= joint inclusion density evaluated at the locations of the ith and jth sample points in

subpopulation a. 
na = number of units sampled from subpopulation a.

6  Procedure  

6.1 Enter Data

Input the sample data consisting of the indicator values, yi , and their associated inclusion densities,
.  For example,

Calcium

yi

Inclusion

Density

1.5992 .07734

2.3707 .00375

1.5992 .75000

2.0000 .75000

7.0000 .00375

2.8196 .02227

1.2204 .01406

1.5992 .03750

2.9399 .00586

.7395 .00375



6.2 Sort Data

Sort the sample data in nondecreasing order based on the yi indicator values.  Keep all occurrences
of an indicator value to obtain correct results.

Calcium

yi

Inclusion

Density

.7395 .00375

1.2204 .01406

1.5992 .07734

1.5992 .75000

1.5992 .03750

2.0000 .75000

2.3707 .00375

2.8196 .02227

2.9399 .00586

7.0000 .00375

6.3 Compute or Input Joint Inclusion Densities

The required joint inclusion densities are in the following table.  For this example, they were
computed by the formula  and are displayed in the following table.



Joint Inclusion Density 

     j
i

1 2 3 4 5 6 7 8 9

1

2 .00004
7

3 .00026
1

.00097
9

4 .00253
1

.00949
1

.05220
5

5 .00012
7

.00047
5

.00261
0

.02531
3

6 .00253
1

.00949
1

.05220
5

.50625
0

.02531
3

7 .00001
3

.00004
7

.00026
1

.00253
1

.00012
7

.00253
1

8 .00007
5

.00028
2

.00155
0

.01503
2

.00075
2

.01503
2

.00007
5

9 .00002
0

.00007
4

.00040
8

.00395
5

.00019
8

.00395
5

.00002
0

.00011
7

10 .00001
3

.00004
7

.00026
1

.00253
1

.00012
7

.00253
1

.00001
3

.00007
5

.00002
0

6.4 Obtain Subpopulation Size 

Input Na if using a known subpopulation size.  Na = 1130 for this dataset.

Calculate  from the sample data only if using the variance of the Horvitz-Thompson ratio

estimator of a CDF.  Sum the reciprocals of the inclusion densities, , for all units in the sample a

to obtain 

 = (1/.00375) + (1/.01406) + (1/.07734) + . . . + (1/.00375) = 1128.939 for this data set.



6.5 Input Indicator Levels of Interest and Estimated CDF Values

For this example data, the variance of the empirical CDF is of interest; xk values = (.7395, 1.2204,
1.5992, 2, 2.3707, 2.8196, 2.9399, 7).  

Input  for each xk if the Horvitz-Thompson ratio estimator was used to estimate the CDF.

Calcium

xk

CDF fo r Propo rtion, 

Ratio Estimator

.7395 .2362

1.2204 .2992

1.5992 .3355

2.0000 .3366

2.3707 .5729

2.8196 .6126

2.9399 .7638

7.0000 1

6.6 Compute Estimated Variance Values

Calculate  for xk using the formulas from Section 5.

Compare each yi to xk .  Set   If this is not the case, set this term equal to

zero.

Calculate the numerator of the variance formula by summing across all the yi data values.  Divide
by the applicable subpopulation size squared.  
 
When the variance of the non-ratio form of the CDF estimator is used, the calculation may be
simplified.  Sum across the yi data values until yi exceeds xk (when using sorted data) instead of
across all the yi  data values, because each additional term will contribute zero to the sum.  Divide
this sum by the subpopulation size squared.
   
Do this for each xk .  Results for the example data are in Section 6.7.  For the example using a
known subpopulation size, Na = 1130 is used.



6.7 Output Results

Output the indicator levels of interest and at least the associated estimated variance, .  

Calcium

xk

Estimated 

Variance of CDF 

for Prop ortion, 

Ratio Estimator

Estimated 

Variance of CDF 

for Proportion,

Na = 1130

.7395 .044888 .055690

1.2204 .046211 .056351

1.5992 .046672 .054565

2.0000 .046687 .054479

2.3707 .052820 .092531

2.8196 .052442 .089057

2.9399 .044888 .091322

7.0000 0 .106996

7  Associated Methods

An appropriate estimator for the estimated CDF for extensive resources may be found in Method 1
(Horvitz-Thompson Estimator). 

8  Validation Data

Actual data with results, EMAP Design and Statistics Dataset #10, are available for comparing
results from other versions of these algorithms.

9  Notes

Inclusion densities, , and joint inclusion densities, , are determined by the design and should

be furnished with the design points.  In some instances, the joint inclusion densities may be
calculated from a formula that uses the location of the design points or they may be approximated
by a formula that assumes simple random sampling.  This simple random sampling formula,

, is used in Section 6.3.
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